We explore several correlations between various large-scale galaxy properties, particularly total globular cluster population (N GC ), the central black hole mass (M • ), velocity dispersion (nominally σ e ), and bulge mass (M dyn ). Our data sample of 49 galaxies, for which both N GC and M • are known, is larger than used in previous discussions of these two parameters and we employ the same sample to explore all pairs of correlations. Further, within this galaxy sample we investigate the scatter in each quantity, with emphasis on the range of published values for σ e and effective radius (R e ) for any one galaxy. We find that these two quantities in particular are difficult to measure consistently and caution that precise intercomparison of galaxy properties involving R e and σ e is particularly difficult.
INTRODUCTION
As the available database describing the global properties of individual galaxies has grown, it has become increasingly feasible to try to understand more about these systems by exploring correlations among several large-scale structural parameters. These global parameters often include: σe (bulge velocity dispersion), M dyn (bulge mass as calculated through the virial theorem or its variants), Re (effective radius), µe (mean surface brightness), luminosity, and more recently M• (mass of the central supermassive black hole). One of the earliest demonstrations of such correlations was the work of Djorgovski and Davis (1987) who used a sample of 260 systems to show that early-type galaxies form a two-parameter family characterized by velocity dispersion and mean surface brightness, introducing the concept of a fundamental plane for galaxies. Correlations galaxy properties such as mass and luminosity (see especially Harris et al. (2013) (hereafter HHA13) for a recent comprehensive discussion of GC populations and systematics); essentially, larger galaxies should on average have more massive SMBHs and more globular clusters. But more interesting, and possibly more important for understanding early galaxy evolution, is the suggestion that the scatter in the M• -NGC correlation is remarkably small, comparable with or even lower than what has been claimed for M• vs. σe. The low scatter is harder to explain by trivial scaling arguments, and is what makes this newly-found correlation intriguing. Harris & Harris (2011) (hereafter HH) confirmed the findings of Spitler & Forbes (2009) and BT from a much larger sample of 33 galaxies with well determined NGC and M• values. They found, as did BT but with stronger confidence, that M• scales nearly linearly with NGC (M• ∼ NGC 0.98±0.10 ) and also drew attention to a number of other issues:
• Occasional genuine outliers that fall well off the central NGC -M• relation cannot be explained by measurement uncertainties in either quantity. Most notably, the Milky Way and NGC 5128 are both strong outliers in the sense that they have too-small SMBH's for their number of GCs, though both quantities are well determined.
• The residual scatter around the mean relation M• ∼ NGC is very noticeably larger than expected from the random measurement uncertainties quoted in the literature, suggesting that the scatter is dominated by a real cosmic variance.
• The spiral galaxies (with the exception of the Milky Way) follow the E-galaxy relation quite closely. By contrast, the S0 galaxies in the list show much larger scatter and no well defined slope; for them, the basic E/S relation "appears to be irrelevant".
Additional recent discussions of the correlations between the GCS and the SMBH have been published by Snyder et al. (2011) , Sadoun & Colin (2012) , and Rhode (2012) . Snyder et al. (2011) argue essentially that the relatively low scatter in M• -NGC can be interpreted by seeing both quantities as linked to (and perhaps determined by) the galaxy's bulge mass. Sadoun & Colin (2012) extend the discussion to propose a correlation between M• and the velocity dispersion of the globular cluster system, σGCS; at present, this interesting relation can be built on only 13 large galaxies with available GCS velocity data. Rhode (2012) selected 20 galaxies (10E, 8S0, and 2S) with particularly complete, homogeneous GCS data and found M• ∼ NGC 1.20±0.06 , a ∼ 20% steeper slope than in HH. The steeper slope seems primarily to be due to her use of only large galaxies in the fit (essentially Milky-Waysized and larger), whereas HH used galaxies over the entire existing luminosity range, including dwarfs. HH also include two very luminous E's, M87 and NGC 5846, that Rhode does not. These extreme cases at the top end and bottom end of the correlation make up only a minority of the total sample but they exert strong leverage over the fit. It is not out of the question that with much more, and more precise, data in hand the NGC -M• relation might appear slightly nonlinear. Notably, Rhode (2012) also finds that the slope does not change significantly if the GC sample is subdivided into its blue (metal-poor) and red (metal-richer) subpopulations, a step that can be done only for high-quality GCS photometry in which the division between red and blue can be clearly made. As in HH, she also found that the S0 and disk galaxies in this selected sample showed larger scatter than the E's (though still based on a very small sample).
In this paper, we explore the various correlations of these global parameters for a still larger sample of galaxies, paying the closest attention to four of the ones listed above: M•, NGC , σe, and M dyn . We find that the relation with the smallest scatter of all is the one between NGC and the dynamical bulge mass, M dyn , and suggest a possible evolutionary link between them. We have two additional objectives. First, we directly compare best-fit solutions from a conventional χ 2 −minimization procedure, with ones obtained from a MCMC (Monte Carlo Markov Chain) technique. Second, we discuss the residual scatters around these solutions in an attempt to decide whether or not we have already resolved the intrinsic (cosmic) scatter in the parameters.
CAUSAL CONNECTIONS?
The SMBH of a galaxy is a structural feature with a typical size of a few AU, whereas the GCS spans tens to hundreds of kiloparsecs, a factor of 10 10 bigger in scale size. So a causal link between the SMBH and the globular cluster population may therefore seem quite unlikely. But the possibility should not simply be dismissed out of hand. HH pointed out that both the SMBH and GCS have their origins in the same earliest phases of galaxy formation at z ∼ 5 − 10. There is a rich literature on how SMBH-driven AGN activity can strongly influence star formation in large galaxies through either negative or positive feedback, particularly in the high-redshift stages when the most gas is present (Silk & Rees 1998; Fabian 2012) . To cite only a few recent examples, Wagner et al. (2012 Wagner et al. ( , 2013 ) present models of AGN jets interacting with a fractal-like ISM in the central kpc. These show that a high fraction of the jet energy is transferred to the gas, and also that the jet can quickly (< 10 6 y) penetrate through the central bulge out into the halo regions by channeling through the intercloud regions. Lower-density regions of the gas are ablated and heated by the jet, but the densest gas cores (among which would be protoglobular clusters) are preserved. In addition, the star formation rate outside the central region will be enhanced through AGN ram compression (Fabian 2012; Gaibler et al. 2012; Silk 2005; Ishibashi & Fabian 2012) . Once the powerful jet penetrates into the halo, its energy can be deposited and percolated over manykiloparsec scales within a few 10 8 years, an appropriate time period for the formation of the first GCs.
On the observational side, AGN-or QSO-driven star formation in galaxies at z ∼ 2 − 3 seems able to occur in sites many tens of kpc from the galaxy center (e.g. Rauch et al. 2013; Croft et al. 2006; Klamer et al. 2004; Bicknell et al. 2000, among many others) . Most of the discussions on jet-influenced star formation so far have concentrated on the global properties of their host galaxies. It remains to be seen whether or not GC formation can be either inhibited or enhanced relative to field-star formation by AGN activity.
An opposite approach, that GCs can build or at least enlarge the central SMBH, has been promoted in other recent papers (see, e.g. Capuzzo-Dolcetta & Donnaruma The essential idea is that GCs in the inner region of a galaxy can be disrupted by dynamical friction over a timescale short enough to add significantly to the stellar population of the central bulge (Tremaine et al. 1975 ) and thus, perhaps, to the central black hole as well. Their quantitative estimates are based on the assumption that the radial distribution of GCs in the galaxy was initially the same as the distribution of field-star light, and that it is now flatter in the central regions because GCs there were destroyed. Under this assumption typically 30-50% of the original GC population may have been lost this way. Plotting SMBH mass versus the calculated mass from the supposedly "lost" clusters then shows a very rough positive correlation (Capuzzo-Dolcetta & Donnaruma 2001; Capuzzo-Dolcetta & Mastrobuono-Battisti 2009 ). Significant difficulties confront this interpretation. It invokes a large number of long-vanished (and massive) GCs, and to make a major contribution to the SMBH growth, very large numbers of stars from the disrupted GCs would have to find their way into a tiny, AU-sized central black hole rather than just joining the bulge stellar population. Another traditional objection to such a picture is that the innermost bulge population is generally much more metalrich (reaching Solar or higher; e.g. Johnson et al. 2013 ) than all but a few individual GCs (which mostly range from 1/3 to 1/200 Solar), so only a small fraction of the bulge can have been built by cluster disruption. Furthermore, there is no evidence that even the most massive GCs in existence (10 7 M and above) are sufficiently metal-rich to match the inner bulge population (Harris, W. 2009 ).
Yet another approach would be to assume that intermediate-mass BHs already residing in the GCs could combine to add to the galaxy's SMBH. Little is known about the presence or actual masses of IMBHs though they have been proposed as seeds for SMBH formation (see, e.g. Jalali et al. 2012 , for a recent discussion). One of the best observational cases for an IMBH is in ω Centauri, for which plausible evidence exists that an IMBH of 50,000 M is present (Jalali et al. 2012 ). If we suppose that (a) all GCs contain IMBHs, (b) their IMBH mass is directly proportional to cluster mass with a mass ratio of 2% like ω Cen, and (c) all the IMBHs in the disrupted GCs add to the central SMBH, then on the average 1000 GCs (a typical value for a moderately large elliptical) could add ∼ 5 × 10 6 M to the SMBH. All of these assumptions are arbitrary, and in any case this added mass is only a few percent of the typical ∼ 10 8 M SMBH mass for the same type of galaxy (see below).
Recently, Jahnke and Maccio (2011) explored the very different possibility, suggested by Peng (2007) , that the origin of the M• -M bulge (equivalent to our M dyn ) relation results from a statistical convergence process rather than a causal, physical one. They used numerical simulations and merger trees to demonstrate that hierarchical galaxy formation leads to a linear relation between SMBH and bulge mass even if their initial distributions were strongly uncorrelated. The initial M• -M bulge correlation they derived from this simple assumption was, however, much tighter than is observed and had a different slope. By adding other features to their simulations (including star formation, black hole accretion, and disk to bulge mass conversion) they produced correlations much more similar to observed data and concluded that the relation "is produced naturally by the merger-driven assembly of bulge and BH mass, and without any coupling of SF and BH mass growth per individual galaxy".
Our conclusion for the present is that the likeliest chance to establish a causal link between the GCS and SMBH (if there is one) would be through AGN feedback and its influence on star and GC formation. Much ground remains to be explored in this direction through modelling. The possibility of a noncausal, statistical origin also remains competitive.
THE DATA
In a parallel study, HHA13 have compiled a catalog of 422 galaxies of all types with NGC data published to the present time. Among these there are now 49 galaxies with measurements of both M• and NGC : 34 ellipticals (E), 10 "lenticulars" (S0), and 5 spirals (S). As discussed by HH, the dominance of E galaxies in our sample is partly because more central black hole masses are known for ellipticals, but partly because the best S0 and S galaxies in which to determine M• are face-on or nearly so. By contrast, NGC studies in disk galaxies are best done for edge-on systems, minimizing the disk contamination and background light. Thus for disk galaxies, the globular cluster studies and SMBH studies in the literature have traditionally had little overlap. The situation for the E's is much better.
As hinted above, a primary issue in interpreting the correlations that we derive in the discussion below is that the dispersions (rms scatters) found around the best-fit relations are consistently larger than expected from the formal errors quoted in the literature for the individual measured parameters. Before proceeding with our correlation solutions, therefore, we (1) discuss just what typical ranges of values have been found in different studies for each key quantity, and (2) develop as self-consistent a database as possible for our sample. We discuss in turn the data for galaxy distance, effective radius, velocity dispersion, NGC , and bulge mass and M•.
Distance
As noted above, we are primarily interested in galaxies where both M• and NGC are measured and our final adopted list is in Table 1 . Not surprisingly, these are in cosmologically nearby space and so also have published measurements of σe and Re from which their dynamical masses M dyn can be directly calculated once the distance is known. However, because their distances range from less than 1Mpc to more than 100Mpc the best available distances are themselves based on a variety of techniques. As a result, it is not feasible to apply any single distance method to the whole sample. Because Re, M dyn , and M• all scale with distance, we chose first to assess distance values for each galaxy individually.
The distances quoted in Table 1 are based on three methods: stellar standard candles, surface brightness fluctuations (SBF), and redshift (i.e. Hubble's law). For the six galaxies nearer than 4Mpc it is possible to resolve individual stars and use standard candles such as RR Lyrae stars, Cepheids, and the luminosity of the tip of the red giant Ghez et al. (2008) , (4) Gillessen et al. (2009) , (5) Lee et al. (2008) , (6) Verolme et al. (2002) , (7) Grillmair et al. (1996) , (8) Fiorentino et al. (2010) , (9) Battistini et al. (1993) , (10) (23) Villegas et al. (2010) , (24) Richtler et al. (2012) , (25) Nowak et al. (2008) , (26) Kundu & Whitmore (2001) , (27) Rusli et al. (2011) , (28) Bassino et al. (2006) , (29) Dirsch et al. (2003) , (30) Houghton et al. (2006), (31) branch, with resulting uncertainties of ∼5%. SBF distances are available for the great majority of our sample and we use them for the galaxies between 4 Mpc and 50 Mpc; formal SBF uncertainties range from ∼ 4-15%. For five galaxies beyond ∼50 Mpc, we use the galaxy's redshift relative to the cosmic microwave background (CMB) and Ho = 70±2 km/s/Mpc. Formal uncertainties for the most distant galaxies in our sample are ∼7%.
Since publication of the first major SBF sample by Tonry et al. (2001) , the calibration has been revised several times. Jensen et al. (2003) used Hubble Space Telescope (HST) IR imaging to study 65 galaxies while Blakeslee et al. (2009) recalibrated distances for 134 galaxies in the Virgo and Fornax clusters, again with HST. Unfortunately for our purposes, neither of these had more than a 50% overlap with our sample. For the galaxies in Tonry et al. (2001) in common between Jensen et al. (2003) or Blakeslee et al. (2009) we find a mean difference of ∆(m − M )0(T − B/J) = 0.16 ± 0.10. Given the lack of compelling evidence to support any large adjustment to the Tonry et al. (2001) values, which overlap with ∼85% of our sample, we have chosen to use the 2001 distances here.
McConnell et al. (2011) use redshift-based distances with Ho = 70 for all of the galaxies in their compilation and, given the mix of distance methods we have applied, it is useful to compare the two datasets for the 39 galaxies in common. In Figure 1 we compare their redshift distances with our resolved-star and SBF values. As seen in the top panel, the distance difference (d − dz) is, on average, less than the formal error in the stellar/SBF distances. In addition (lower panel), the redshift distances are systematically larger, although within the errorbars shown.
For most of the following discussion we will use the mainly non-redshift distances given in Table 1 .
Effective Radius
The effective radius of a galaxy (Re) is the radius of the isophote containing half of the total luminosity (cf. Binney & Tremaine (2008) p. 21). The definition is simple in concept but much less simple to measure, because it requires discriminating data at both the inner galaxy, to determine the central profile, and at large galactocentric radii, to determine the outer limits of the galaxy profile. In addition, the results can be wavelength dependent due primarily to the relative contribution of young stars, old stars, and dust. Consequently, the effective radius values in the literature can differ considerably.
Since Re is an essential piece in determining a galaxy's M•, M dyn , and location in the fundamental plane we wanted to understand its uncertainty. In Figure 2 are plotted the values of Re that we found for our galaxy sample. The values plotted were based on data from the litarature adjusted to our distances as given in Table 1 ; adoption of the redshiftbased distances would change the details but not the overall picture. It is important to note here that none of the Re catalogues we used, except those from the 2MASS Extended Sources Catalogue (Skrutskie et al. 2006) , contained all of our galaxies. In addition, the methods used are also very different. As seen in Figure 2 , the range of Re for a given galaxy can be almost a factor of two. Ideally the value of Re for each galaxy would be based on detailed comparisons of available sources that take into account their strengths and limitations. But, because of the range of methods, limiting magnitudes, wavelength of the observations, and differing overlap, we decided to simply use the Re given in the M• determination paper for each galaxy.
Note that the data shown are not meant to represent a complete list of all Re data in the literature. Rather, this discussion is intended to show the range of values found for a given galaxy and act as a reminder that this quantity can be difficult to measure consistently.
Velocity Dispersion
A search of the HyperLeda (Paturel et al. 2003) database shows that published σe values also range widely, by even as much as ∼100 km/s or more for a single galaxy. McElroy (1995) compared results from different sources and tabulated velocity dispersions for more than 1500 galaxies based on his analysis of 85 standard galaxies. In Figure 3 the 15 McElroy standard galaxies in our sample are shown in red with the rest in green. Superimposed on the line for each galaxy are also the McElroy value (blue), the HyperLeda value (black *) and the value quoted in the M• paper (black x). We note that, formally, the expected uncertainties in σe are often quoted as 5% (cf. Gebhardt 2004), but the scatter among different studies for the same galaxy is obviously much larger than that. The discordance between this and the data plotted in Figure 3 suggests that observational factors such as spatial resolution, choice of Re, and limiting magnitude are important but difficult to correct for in a given data set. Another way to compare the values in the literature is shown in Figure 4 where we have simply plotted the σe value adopted in the black hole mass determination (x-axis) vs. the HyperLeda and McElroy average values (yaxis). Interestingly, except for a few galaxies, the values are consistent within about twice the nominal ±5% scatter usually adopted for σe . Thus, as with Re, our tabulated values of σe are those used in the M• determination studies. We believe this makes the most sense when comparing galaxy parameters such as σe, M•, and M dyn .
Central Black Hole Masses
The number of galaxies with measurements of M• has increased significantly in the past decade and is now approaching 100, with more to come. Most of the data in Table 1 can be found in the compilations of Graham (2008) , Gültekin et al. (2009b) , and McConnell et al. (2011), supplemented by a few additional studies. Generally the masses we quote are from a single source, though a small number of galaxies have more than one determination. In the case of NGC 1399 we have used a weighted mean of the results from Gebhardt Silge et al. (2005) , but choose to plot the latter on their M − σ relation. We have chosen to follow the reasoning of Neumayer et al. (2007) and Neumayer (2010) , averaging the two values they provide based on stellar and gas dynamics. This smaller M• brings NGC 5128 into better agreement with the M − σ relation, but not for the NGC -M• relation. Finally, the black hole mass for NGC 4486B (Kormendy et al. 1997 ) is an upper limit which is uncertain because of both its probable low mass and the galaxy's asymmetric double nucleus. We include it here for completeness but do not use it in the correlations below.
Cluster Populations
The data in Table 1 for the total numbers of globular clusters NGC are taken from the new HHA13 catalog, resulting in the addition of 12 more galaxies than used in HH. Although this is a considerably larger sample than in the initial discussions of either Spitler & Forbes (2009) or Burkert & Tremaine (2010) , our list is still dominated by E galaxies.
The quoted uncertainties on NGC in Table 1 differ quite a bit from one galaxy to another; typically they may be at the level of ±20% or so but they depend very much on the details of the individual photometric studies from which they were drawn. The uncertainties are relatively low in cases where the study had both wide area coverage and deep photometric limits reaching past the turnover point of the GC luminosity function. In these cases NGC by definition is simply calculated as twice the total number of observed clusters brighter than the turnover point, summed over all galactocentric radii. In several other cases NGC is derived from smaller-field coverage or photometric limits that fall short of the GCLF turnover, requiring larger extrapolations to estimate the total population. In some other cases such as for small satellites of nearby much larger galaxies (M32, NGC 4486B) only rough guesses can be made.
Bulge Mass
The final quantity listed in Table 1 is M dyn , generally referred to as the virial bulge mass, given by
where we use k=3 instead of 8/3, following Marconi & Hunt (2003) . In the case of M dyn we have not quoted formal uncertainties in Table 1 , primarily because consistent observational uncertainties are not generally availble for the values of Rewe have used. However, sample calculations based on typical observational uncertainties for Re indicate that the resulting uncertainty in logM dyn is < 0.1. This is the value used in the statistical analyses described in section 4.
ANALYSIS

Reduced χ 2 Estimator
Our first set of correlation solutions follows the method outlined in Tremaine et al. (2002) and Novak et al. (2006) and also used in HHA13. Briefly, if we assume data pairs (xi, yi) are related by y = α + βx and that they have individual measurement uncertainties (σx,i, σy,i), then we minimize
Here, x and y represent any additional intrinsic or "cosmic" scatter over and above the nominal measurement uncertainties. If the quoted (σx, σy) values genuinely represent all the scatter present in the data, then we would have x = y = 0; but if additional cosmic scatter exists, then the 's can be adjusted upward from zero until we obtain a reduced χ 2 ν = 1 from the fit. Of course, if we have only two parameters to correlate, it may be impossible to decide whether additional intrinsic scatter is in x, or in y, or in both. However, if we have several parameters to work with, it may be possible to find a self-consistent set of 's for them all from the several 2-parameter correlations they allow.
Our first set of solutions, based on the data in Table 1  and listed in Table 2 below, assumes for each pair of parameters that x = 0 and all the additional scatter (if any) is in y. That is, y is a free parameter adjusted to make χ 2 ν = 1. As is discussed at greater length in previous studies of this type (Tremaine et al. 2002; Novak et al. 2006 , among others), including the factor directly changes the relative weightings of the datapoints and thus noticeably influences the bestfitting slope β. The larger the adopted , the more uniform the total weights of the datapoints become. The astrophysical importance is clearly that if we need to invoke nonzero , then either the measurement uncertainties have been underestimated, or the galaxies do have an inbuilt variance that higher precision data would not remove.
In Table 2 the successive columns give (1) the pair of correlated quantities (y, x); (2,3) the galaxy types included in the fit and the number of individual datapoints; (4, 5, 6) the zeropoint α and slope β of the fit, with internal uncertainties, and the sample mean x ; (6) the residual rms scatter σy about the best-fit line; and (7) the added intrinsic scatter y needed to make the total goodness of fit χ 2 ν equal unity. The footnotes list individual galaxies excluded from each fit, either because of missing or uncertain data or because they are extreme outliers (these are more evident in the Figures shown below) .
NGC and M• Versus Velocity Dispersion
The solutions in Table 2 exclude M32 (NGC 221), NGC 4486A, and NGC 4486B since the globular cluster numbers in those three dwarfs are small and extremely uncertain. However, all galaxies in Table 1 are plotted in Figures 5 and 6, which also show the solutions superimposed. The Egalaxy solution from 29 galaxies (including the outliers NGC 5128 and NGC 5845), is logNGC = (2.825 ± 0.071) + (4.120 ± 0.540)(logσe − 2.3) and required invoking an extra dispersion y = 0.37 to achieve χ 2 ν = 1 and has a resulting rms scatter of ±0.383 dex. The much larger database analyzed by HHA13 shows that the NGC vs. σe correlation has similarly large scatter and in addition is highly nonlinear (see their Figure 7 ). For the SMBH masses, we also find for 34 E galaxies logM• = (8.413 ± 0.080) + (4.730 ± 0.539)(logσe − 2.3) with y = 0.44 and for χ 2 ν = 1 a scatter of ±0.44 dex. For comparison, in their original studies Ferrarese & Merritt (2000) found a slope of 4.8 ± 0.5, Gebhardt et al. (2000) 3.75 ± 0.3, and slopes in the range 4 − 5 have been commonly quoted in later papers. We note that the absolute uncertainty in slope for this correlation is by far the largest for any we examined, though the relative uncertainty of 12% is similar to the others.
NGC and M• Versus Dynamical Mass
Again, the solutions in Table 2 exclude M32 (NGC 221), NGC 4486A, and NGC 4486B since the globular cluster numbers in those three dwarfs are small and extremely uncertain. The E-galaxy solution from 31 galaxies, logNGC = (2.810±0.053)+(1.130±0.098)(log(M dyn /M )−11.0) required invoking an extra dispersion y = 0.23 to achieve χ 2 ν = 1 and has a resulting rms scatter of ±0.295 dex. For comparison, the solution found by HHA13 from 139 ellipticals with measured GCSs excluding dwarfs was NGC ∼ M 1.035±0.033 dyn with y = 0.28 and rms scatter ±0.32 dex. These two solutions are not significantly different, though the smaller and more highly selected sample used in this paper has a slightly smaller dispersion. Generally, we confirm HHA13 in that the total GC population of a (non-dwarf) galaxy is almost directly proportional to galaxy mass. The solution for these parameters is superimposed on the plot in Figure 7 .
For M• the solutions for either 29 E galaxies or 44 galaxies of all types are not significantly different. The larger sam- Figure 5 . Plot of M• vs. σe for all 49 galaxies in our sample. E galaxies are in red filled triangles; S0 are green open triangles and S are filled blue circles. Overplotted is the χ 2 minimization solution for all 34 E galaxies.
ple (Table 2) gives logM• = (8.537±0.059)+(1.050±0.077)(log(M dyn /M )−11.0) with y = 0.34 and a scatter of ±0.39 dex; as with the other correlations, we have superimposed the solutions on the rel- Figure 6 . Plot of N GC vs. σe for all 49 galaxies in our sample; symbols are as in Figure 5 . Overplotted is the χ 2 minimization solution for 29 E galaxies. evant data as shown in Figure 8 . We find, as in previous studies, the same near-linearity for M• versus M dyn . However, the residual dispersions and the required y are slightly larger than for NGC -M dyn . 
NGC
Optimized Solutions
With solutions in hand for several pairs of quantities selected from M dyn , NGC , M• , and σe, it should be possible in principle to determine a value of (the cosmic scatter) for each one that would yield self-consistent solutions (χ 2 ν 1) for every pair. After experimentation with different 's, we find that a self-consistent set is achieved near (log M dyn ) = 0.2 dex; (log M• ) = 0.25 dex; (log σe) = 0.07 dex; (log NGC ) = 0.2 dex. Figure 7 . Plot of N GC vs. M dyn for all 49 galaxies in our sample; symbols are as in Figure 5 . Overplotted is the χ 2 minimization solution for all 34 E galaxies.
We repeat that these are the additional scatters over and above the measurement uncertainties quoted in the literature that are needed to obtain correct χ 2 −minimization solutions. With these four 'optimal' 's the resulting correlations are as given in Table 3 .
For each pair, we use the samples labelled "All" in Table  2 . In some cases the best-fit slopes change noticeably from the solutions given in Table 2 (where we had put all the additional scatter into y ). These differences arise directly from the changes in the relative weightings of the datapoints when the assumed cosmic scatters are shared between the two quantities.
MCMC Analysis
To test for systematics in our fitting results, we perform a complementary analysis using a standard MonteCarlo Markov Chain (MCMC) approach. We implement the Metropolis-Hastings method (Hastings 1970 ) using a codebase which has been well tested against a diverse range of problems in several published works (e.g. Poole et al. 2013; Mutch et al. 2013 ). Here, we present a number of solutions, each being a joint fit for the log-log slopes and intercepts of the M dyn -NGC , M dyn -σe , M• -NGC , and M• -σe relations. We use Eqn. 2 to calculate model likelihoods assuming that uncertainties in the observed properties presented in Table 1 are normally distributed for σe and NGC and log-normally distributed for M dyn and M• . In all cases, chains are calculated from 10 5 burn-in iterations and 2×10 6 integration iterations. Proposal selection is optimised Figure 8 . Plot of M• vs. M dyn for all 49 galaxies in our sample; symbols are as in Figure 5 . Overplotted is the χ 2 minimization solution for 29 E galaxies.
with a rotated covariance matrix computed iteratively preburn-in from 2000 proposals until all matrix elements converge to within 5%.
Step sizes are selected to ensure a success rate of approximately 35% throughout. All results presented in this section omit the Milky Way and NGC4486A,B for the same reasons given above. Lastly, all fits presented in this section have nDoF =36 degrees of freedom for which the p-value statistic rejects the null-hypothesis at a significance of α(p) 0.05 for χ 2 /nDoF 50.997/36=1.42. We will use this throughout as our criterion for assessing the goodness of fit for the MCMC solutions.
To explore the idea that some or all of the uncertainties presented in Table 1 have been systematically underestimated or that the underlying relations host some degree of intrinsic scatter, we have applied this fitting procedure for various values of x and y for each relation. In the top panel of Figure 11 we present the influence of independently changing the value of for each observable of interest ( σ , Figure 9 . Plot of N GC vs. M• for all 49 galaxies in our sample; symbols are as in Figure 5 . Overplotted is the χ 2 minimization solution for 29 E galaxies.
M dyn , • and N GC ) on the resulting reduced-χ 2 and on the inferred slopes β for each relation. Since the effect of σ on relations involving M dyn is mathematically equivalent to the effects of M dyn through the relation M dyn =2 σ + Re , we present both on the same axis to compress our results. In this way, the effects of M dyn can be interpreted in terms of underestimated uncertainties in σ (which carries through to estimates of M dyn through Eqn. 1) or separately as intrinsic scatter or underestimated uncertainties in the measurement of M dyn .
The results from these calculations agree generally well with those presented in the previous section: for every relation we find that fits of acceptable quality can only be achieved when x and/or y are significantly larger than zero. In addition the slopes β change with , though how much a change is generated differs from one pair of parameters to another and sometimes moves in opposite directions for x and y .
For relations whose slope changes significantly with in- Figure 10 . Plot of M• vs. N GC for all 49 galaxies in our sample; symbols are as in Figure 5 . Overplotted is the χ 2 minimization solution for 29 E galaxies.
creasing values of x or y , most of this change occurs at small initial displacements away from = 0, converging to constant values by the time the 's have increased sufficiently to permit a good fit. This trend is consistent with a scenario where a small number of precisely measured data points are dominating the fit. Our results suggest that σ is small ( 5%) while the other 's need to be of the order of 10−30%. Moreover, covariance between our scaling relations demands that the -values required for good fits in Figure 11 represent upper limits to what the lower limits of these values must be (since fits with χ 2 /nDoF <1.42 are considered good as well).
Taking the values of σ ∼0.05, •∼0.3, N GC ∼0.2 suggested by the top set of plots in this figure and iterating slightly for M dyn , we have manually determined a self-consistent set of minimum values 0.05, 0.30, 0.20, 0.1) . These particular values yield a good fit for each scaling relation of interest. In addition, these four values are encouragingly consistent with the optimal set of values we obtained in section 4.2 above through our χ 2 minimization solutions. This result is shown in the bottom set of plots in Figure 11 where we see that every relation converges to a good fit at approximately this set of values. The previous trends of βx−y with x and y are still seen, but the amplitude of the dependence is generally reduced and the trends with less severe. This dependence of βx−y on x and y reliably moves in opposite directions for x and y now. And, furthermore, results for the slopes are insensitive to modest changes in the set of values chosen. Finally and importantly, increases in the values leading to reduced-χ 2 1.42 do not lead to significant changes of slopes.
The fits we derive using this set of optimal values for are listed in Table 4 and are depicted in Figure 12 . In each panel of tthe Figure, the heavy yellow line shows the optimal solution, with 68% and 95% confidence intervals shown as dark and light green shaded regions. Errorbars in black show the individual measurement uncertainties in the literature (no 's added), while the effects of additional scatter are depicted in the blue errorbars. The heavy red line shows the best fit derived from x = 0 for comparison, primarily to show how much the sharing of cosmic scatter among the parameters generates slope changes.
Notably, the addition of scatter (i.e. adopting the optimal solutions) has the effect of flattening all scaling relations involving the black-hole mass M•. This flattening is marginally significant at a ∼68% level in the case of the M•−σ and M•−NGC relations, but is highly significant at 95% confidence for the M•−M dyn relation. By contrast, the addition of scatter has no significant effect on the resulting slopes for relations involving NGC . Table 3 (classic χ 2 minimization) should be compared with Table 4 (MCMC fits). The differences in the α− values are due simply to adoption of different zeropoint scalings. The more important comparison between the deduced slopes β reveals mutual agreement to within the combined uncertainties for most of the parameter pairs. Given the level of total scatter in all the relations, and the limitations in the still-small sample of galaxies, we suggest that the MCMC uncertainties on the slopes are likely to be the more realistic of the two methods. The largest discrepancy is nominally for NGC -σe(slope 4.86 from Table 3, 6.11 from Table 4), but since the combined uncertainty is also large (∼ ±1.2) the difference does not stand out especially when we also consider the presence of some individual outliers and the fact that the relation is intrinsically nonlinear (see again HHA13). The correlation for M• -NGC yielded a noticeably flatter slope from MCMC ( 0.81 ± 0.2) than from χ 2 −minimization ( 1.19 ± 0.03), apparently because MCMC was less influenced by the dwarf-galaxy points appearing at the lower left of the graph.
The message we take from these comparisons is that there is no evidence at the present time to reject the view that M• and NGC are rather closely directly proportional to one another. Both of these, in turn, scale almost exactly as M dyn .
SUMMARY AND CONCLUSIONS
We have taken advantage of recent compilations of global parameters for galaxies in which the mass of the central black hole has been determined, and have combined these with a recent compilation of all galaxies with known globular cluster populations. We now find a sample of 49 galaxies which can be used to explore the M• -NGC correlation that has attracted recent interest. For this set of galaxies we also have values of Re and σe which can be used to examine correlations of M• and NGC with σe and M dyn .
Examining the raw data in detail, we find that particularly for Re and σe , wide ranges of values for a given galaxy are often quoted in the literature that make it diffi- Figure 11 . The effects of accounting for increased measurement uncertainties or intrinsic scatter on the goodness of fit and best-fit slopes of our 5 scaling relations of interest. Goodness of fit is expressed in the top frame of each column of plots (expressed in terms of reduced-χ 2 for 36 degrees of freedom) with a horizontal dotted line depicting our good-fit criterion (χ 2 /n DoF 1.42). The 68% and 95% confidence intervals for our best fit slopes are shown with dark and light coloured shaded regions respectively. The top set of plots shows the effect of each scatter variable With the data available, we have solved for correlations among the parameters M•, NGC , σe, and M dyn using both χ 2 minimization and Monte Carlo Markov Chain techniques.
• All the 2-parameter correlations show total scatters around the best-fit relations of ±0.3 − 0.4 in the log. Both NGC and M• follow tight and nearly linear relations particularly with M dyn (bulge mass). Among all parameter pairs, the single relation with the lowest absolute scatter is NGC versus M dyn ; these two quantities scale accurately in direct proportion, a result that we have also found from much larger galaxy samples (HHA13).
• One of our strongest findings is that in both fitting methods we must introduce additional variance over and above the formal measurement uncertainties in order to obtain statistically valid solutions. To varying degrees these additional variances are needed in every one of the 4 parameters we use. The clear implication is that either the galaxy parameters have significant 'cosmic scatter', or (perhaps less likely) that the observational measurement uncertainties have been significantly underestimated. By using all of the 2-parameter correlations that are obtainable from the data, we find a self-consistent set of extra variances (in log scale) given by ( σ , •, N GC , M dyn )=(0.05, 0.30, 0.20, 0.1). The M• values show the largest extra variance. As mentioned above, the need for additional variation in the correlation solutions is not new (e.g. Merritt & Ferrarese (2001) , Tremaine et al. (2002) , Novak et al. (2006) among others). What is new here is that the additional variance is required in all four parameters. For comparison we determined average measurement uncertainties for σe, M•, and NGC based on the data in Table 1 . In this exercise we excluded the galaxies M32, NGC 4486A, and NGC 4486B (which were commonly left out of the correlation solutions) as well as NGC4374 and A2052 for which the quoted values of M• were upper limits only. We used M dyn = 0.1as discussed in section 3.6. The variances for each parameter, based only on the quoted observational errors, are then ( σ , •, N GC , M dyn )=(0.02, 0.10, 0.19, 0.1) in the log. In all cases (except for M dyn ), the extra variance required is more than twice the nominal observed values.
• The correlations involving M• have slopes that are more sensitive to the addition of 's than those involving NGC ; the additional variance increases the relative importance of the smaller galaxies to the fit and ends up flattening all the slopes.
• The correlation of NGC against σe is poorly constrained and (based on solutions from larger samples) more strongly nonlinear than the other parameter pairs.
At this stage of development, we suggest that the best observational route to exploring the NGC -M• correlation further will be to reduce sample bias by adding more galaxies at lower luminosity, but especially by adding more S and S0 galaxies; at present, the E galaxies dominate the still-limited sample of galaxies in which both NGC and M• are accurately measured.
The point of exploring these and other correlations among galaxy parameters is to gain an understanding of galaxy formation and evolution. All these parameters arise from the original mass concentration and gravitational potential well from which each galaxy formed. But each parameter examined here (as well as those such as galaxy luminosity, mass and halo mass among others) has evolved with time and in different ways, changing the interrelations as well. For instance, M• is expected to increase as gas and stars surrounding the galaxy centre are accreted and, in many cases this process is ongoing today. Contrarily NGC will decrease with time as clusters are disrupted by both internal and external effects; but, in contrast to M•, most of the change in NGC is expected to have happened within the first ∼ 10 9 years after formation. NGC evolution is more smoothly predictable and due to the overall tidal field while M• evolution is more stochastic and can differ even between similar galaxies due to local differences in gas-rich merger histories. Thus, it is not surprising that M• relations have greater scatter than those involving NGC . The physical scales at work are very different as well, from ∼ 1pc for the central black hole to ∼ 10 5 pc for the globular cluster system. Since it is likely that most or all galaxy properties have changed over the past ∼ 10 10 years, then the nature of the various correlations today (their slope, linearity or curvature, and dispersion) will reflect both initial conditions and evolution to some degree.
Lastly, our results suggest that the dispersions observed in the various correlations are significantly affected by the individual evolutionary histories of the galaxies and cannot be explained by saying that the quoted uncertainties for the many galaxy properties are too small. We therefore favor the interpretation that the extra variances, , introduced by both the reduced χ 2 and MCMC analyses are more likely to be reasonable estimates of the cosmic scatter.
